Abstract. We show that the standard quantized coordinate ring A := kq[SL(N )] satisfies van den Bergh's analogue of Poincaré duality for Hochschild (co)homology with dualizing bimodule being Aσ, the bimodule which is A as k-vector space with right multiplication twisted by the modular automorphism σ of the Haar functional. This implies that H N 2 −1 (A, Aσ) = k, generalizing our previous results for kq [SL(2)].
Introduction and statement of the result
The dimension of a regular affine variety X over an algebraically closed field k of characteristic 0 is by the theorem of Hochschild-Kostant-Rosenberg [HKR62] equal to the Hochschild dimension HHdim(k[X]) := max{n | HH n (k[X]) = 0} of its coordinate ring k [X] . But even for very well-behaved noncommutative rings the latter is usually rather degenerate. For example, the standard quantized coordinate ring A := k q [SL(N )] is for generic q Auslander regular, Cohen-Macaulay, and has global and Gelfand-Kirillov dimension equal to the classical dimension N 2 − 1 of SL(N ) [LS93] , but its Hochschild dimension is only N − 1 [FT91] .
In this note we show that for A = k q [SL(N )] the global dimension is nevertheless reached as Hochschild dimension when passing to coefficients in a suitable invertible bimodule. The cosemisimple Hopf algebra structure on A determines the so-called Haar functional h : A → k which is left and right invariant under the coaction of A on itself, and there is a unique automorphism σ ∈ Aut(A) such that h(xy) = h(σ(y)x) for all x, y ∈ A (see [KS97] , Section 11.3). The crucial coefficient bimodule is then A σ which is A as k-vector space with bimodule structure x ⊲ y ⊳ z := xyσ(z). Then our main result is: Theorem 1.1. There is an isomorphism of k-vector spaces H N 2 −1 (A, A σ ) = k. 
Here A e := A ⊗ A op is the enveloping algebra of A (throughout this paper an unadorned ⊗ means tensor product over k) and H n (A, M) := Tor
are the Hochschild homology and cohomology groups of A with coefficients in M, respectively. In the sequel we will say that an algebra has the Poincaré duality property if it satisfies the assumptions of Theorem 1.2.
The main part of the proof of Theorem 1.1 consists of remarking successively that Theorem 1.2 applies to the quantized coordinate rings
, the latter being the principal result of this note. Theorem 1.1 itself will then reduce to the well-known fact that the center of A consists only of the scalars. Our main motivation for studying H * (A, A σ ) is the link between cyclic cohomology and covariant differential calculi over quantum groups established by Kustermans, Murphy and Tuset [KMT03] . In that paper a variant of cyclic cohomology of an algebra A was introduced that depends on an automorphism σ of A, such that the underlying simplicial homology is just H * (A, A σ ) (at least when σ is diagonalizable, see Proposition 2.1 in [HK04] ). The volume forms of covariant differential calculi over quantum groups define cocycles in this theory, and the appearance of the twisting automorphism is forced by the modular properties of the Haar functional that replaces the traces in Connes' original theory. Now we see that the twisted coefficients appear very naturally also for purely homological reasons, and Theorem 1.1 and similar results for quantum hyperplanes and Podleś' quantum sphere [Ha04, Si04, SW04] show that the twist determines as in the classical case a unique class of top degree in Hochschild homology.
We remark that the main result of [Si04] , that for quantum hyperplanes there exist twisting automorphisms restoring the Hochschild dimension to the classical, can also be obtained from van den Bergh's results, which gives the precise form of these automorphisms as found in [Si04] .
It is a pleasure to thank Ken Brown for explaining to us that Theorem 1.1 can also be proven using the alternative description of Hochschild (co)homology of Hopf algebras from [FT91] . The details of this approach will appear in [BZ05] .
Proof of Theorem 1.1
We first consider the quantized coordinate ring B = k q [M (N )]. Recall that this has generators u ij , 1 ≤ i, j ≤ N , with relations
for all i < j, k < l. Here q ∈ k \ {0} is a fixed deformation parameter which is assumed to be not a root of unity. Proof. As mentioned in [Ma87] it follows from a result of Priddy ([Pr70] , Theorem 5.3) that B is a graded Koszul algebra, and it was shown in [AST91] that its global dimension is N 2 . By definition its Koszul dual B ! has generatorsû ij with relations orthogonal to (2):
where i < j, k < l. These relations imply that the monomialsû i1j1 · · ·û injn , n = 1, . . . , N 2 , i 1 j 1 ≺ . . . ≺ i n j n with respect to lexicographical ordering, form a k-linear basis, and that B ! is Frobenius with Frobenius functionalĥ : B ! → k being projection onto the component of the longest basis elementû 11û12 · · ·û N N −1ûN N (that is, for each nonzero x ∈ B ! there exists y ∈ B ! withĥ(xy) = 0). Hence the claim follows from Proposition 2 in [vdB98] (the formula for σ follows by straightforward computation from the abstract one given therein using the relations (4)). Here we denote by the same symbol σ the automorphism of C defined by (3). The algebra A = k q [SL(N )] is the quotient of B in which the quantum determinant is set to 1, and as explained in [LS93] the isomorphism
is helpful in deriving ring-theoretic properties from B via C to A. This strategy can be used here as well. The only extra ingredient needed is the following Künneth-type isomorphism proven e.g. in [CE56] , Theorem XI.3.1:
Proposition 2.3. Let k be an algebraically closed field of characteristic 0, A 1 , A 2 be two left Noetherian k-algebras and M i , N i be finitely generated left modules over A i . Then there is an isomorphism
We refer to Section 1.8 of [BG02] for a proof that A and hence A e is Noetherian. Here we again denote by σ the automorphism (now of A) defined by (3). Thus there is an isomorphism H N 2 −1 (A, A σ ) = H 0 (A, A). The latter is simply the center of A, and it is well-known that this consists only of the scalars (see e.g. [Jo95] ). This completes the proof of Theorem 1.1.
